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Abstract
We prove that (under the assumption of the generalized Riemann hypothesis) a totally real mul-
tiquadratic number field K has a positive density of primes p in Z for which the image of O×
K
in
(OK/pOK)
× has minimal index (p− 1)/2 if and only if K contains a unit of norm −1.
1 Introduction
In 1927, Emil Artin [1] conjectured that for any integer a not equal to ±1 or a square, there is a positive
density of primes p for which a is a primitive root in F×p . In 1967, Hooley [4] proved that this density
exists and is positive if the generalized Riemann hypothesis is true. Many authors have since adapted
the analytic methods of Hooley to various settings, including Cooke and Weinberger [3], Weinberger [19],
†Author partially supported by NSF grants DMS-0701048 and DMS-0846285
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Matthews [10], Cangelmi and Pappalardi [2], Lenstra [9], Murty [13], and Roskam [14], [15].
This article deals with the following generalization of Artin’s conjecture:
For which number fields K/Q is the index of the unit group O×K in (OK/pOK)× precisely (p− 1)/2 for
infinitely many primes p?
For any prime p completely split in K/Q, let ψp denote the map (OK)× → (OK/pOK)×. Since the
image of O×K lies in the kernel of the norm map N : (OK/pOK)× → F×p / {±1}, the smallest possible
index of ψp
(O×K) in (OK/pOK)× is (p − 1)/2. We say that K has minimal index mod p if this index is
exactly (p − 1)/2. If every unit of K has norm +1, then ψp
(O×K) is contained in the kernel of the map
N : (OK/pOK)× → F×p . Thus the index of ψp(O×K) in (OK/pOK)× is at least p − 1. We immediately
deduce that if our generalization of Artin’s conjecture is to be true, K must contain a unit of norm −1.
We also quickly deduce a second necessary condition on K.
Proposition 2.1 If K is a number field that has minimal index mod p for infinitely many primes p split
in K/Q, then K is a totally real number field.
In this paper, we adapt the techniques of Hooley to prove the following theorem.
Theorem 4.17 Let K be a totally real multiquadratic field with unit group O×K that has ramification index
e2(K/Q) ≤ 2. The generalized Riemann hypothesis implies that there is a positive density of primes split
in K/Q for which the image of O×K in (OK/pOK)× has index (p − 1)/2 if and only if K contains a unit
of norm −1. Moreover, when K contains a unit of norm −1, the density c is given by
c =
1
2[K : Q]

∑
k|∆
µ(k)|Ck|
[Kk : K]

∏
l∤2∆
(
1− 1
(l − 1)
(
1− (l − 1)
n−1
ln−1
))
.
As an example, consider the field K = Q(
√
5,
√
13), which satisfies the hypotheses of the theorem.
Using PARI, we computed the density of primes p split in K/Q for which K has minimal index mod p
among the first two hundred thousand primes to be
0.05176.
In this paper, we prove that the generalized Riemann hypothesis implies the density of such primes p
should be
1
8
∏
l 6=2
(
1− 1
[K(ζl) : K]
(
1− (l − 1)
3
l3
))
≈ 0.05142184 . . . ,
which is very close to our calculations.
We conjecture that Theorem 4.17 holds for any totally real Galois number field K. We also consider
the related problem of determining which multiquadratic fields contain a unit of norm −1.
Theorem 5.13 If K = Q(
√
d1, . . . ,
√
dm) is a multiquadratic field of degree n = 2
m, m ≥ 3 and the class
number of K is odd, then K contains no unit of norm −1.
Relationship to Artin-type problems. As an integer a is a primitive root in F×p if and only if the
subgroup that a generates has smallest index 1 in F×p , we see that this question is a natural generalization
of Artin’s conjecture. Other Artin type problems, such as Weinberger’s conjectural proof [19] that the
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ring of integers of a number field with infinitely many units is a Euclidean domain if it is a principal ideal
domain, become easier as the field degree increases. This is partly the case in the setting of this problem,
because as the field degree n = [K : Q] increases, so does the rank of the unit group O×K since K is
totally real. However, there is a difficulty in our case that does not arise in most Artin-type problems.
Namely, as the field degree n increases, the condition we impose requires that the image of the unit group
O×K generates modules with increasing cardinality. More precisely, for odd primes l|p− 1, we require that
the image of the unit group (which has rank n−1) generates a vector space in
∏
n
(
F×p /(F
×
p )
l
)
of rank n−1.
Restriction to multiquadratic fields. We investigate only number fields that are Galois over Q
in order to utilize the structure of the Galois group of K/Q in our proofs. The assumption that K is
multiquadratic is essential to our arguments. We use this assumption at various points in the article
with the key stumbling block being Lemma 4.2. Lemma 4.2 is the generalization of Hooley’s argument
of sieving in the range of the largest primes. To prove this lemma, we find a way to deal with all units
of K simultaneously by finding a nice basis of units ǫ1, . . . , ǫn−1 such that if the orders of ǫi modulo p
are coprime to l, then the orders of all units are also coprime to l. For example, if neither ǫi nor ǫj
are lth powers, then neither is any multiplicative combination of the ǫi and ǫj . The way we do this is
to diagonalize the units under the action of G = Gal(K/Q). This approach is successful provided that
two conditions hold. First, this decomposition must split the units into G-representations of dimension
1. Because of the G-action on the units, this is only possible when G is abelian. Second, we require that
this splitting occurs over Fl for every prime l. For both conditions to be satisfied, G must be isomorphic
to (Z/2Z)m for some m, or equivalently K must be multiquadratic.
Generalizations. In this article we choose only to investigate primes p ∈ Z that are split completely
in K/Q. This is done to simplify many calculations and make concrete the structure of (OK/pOK)× for
general Galois number fields K. It is expected that our arguments can be generalized to count densities of
primes p not split in K/Q in a manner similar to [15]. Primes not split in K/Q must be treated on a case
by case basis for each Galois group. There is some possibility that we could restrict ourselves to sieving
primes p such that all divisors of p− 1 are primitive roots modulo N . This would allow us to generalize
the results of this paper to abelian extensions with Galois group Z/NZ for certain N . There seems to be
some general difficulties to this approach.
Organization. This article is organized as follows. Section 2 includes a reformulation of the question
into a question about a set of Frobenius elements in field extensions Kl/K as l ranges over all prime
numbers that holds for general Galois number fields K (as long as a technical condition, (G1), is satisfied;
see Remark 2.9). Section 3 includes a further reformulation of the problem for multiquadratic fields. The
techniques of Hooley are adapted in Section 4 to prove the theorem for multiquadratic fields. Section 5
includes an investigation of units in multiquadratic fields. Finally, Section 6 provides an application to
ray class fields of conductor pOK .
2 Reformulation of the problem
Let K 6= Q be a Galois number field containing a unit of norm −1. Let G = Gal(K/Q) and n = |G| =
[K : Q]. Let OK denote the ring of algebraic integers of K, and let O×K denote the group of units of OK ,
which we usually refer to as units of K.
2.1 Restrictions on the field K
Not every Galois number field K containing a unit of norm −1 will have have minimal index mod p for a
positive density of split primes p. We quickly deduce a necessary condition for this to be the case.
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Proposition 2.1. If K is a number field that has minimal index mod p for infinitely many primes p split
in K, then K is a totally real number field.
Proof. Suppose K has signature (r, s) and that K has minimal index mod p for infinitely many primes p
split in K/Q. Let t be the rank of O×K , so that O×K ∼= Zt⊕ (O×K)tors, and let m = |(O×K)tors| <∞. O×K has
rank t = r + s− 1. By assumption we may consider a prime p > m + 1 completely split in K for which
K has minimal index mod p; this implies |ψp(O×K)| = 2(p− 1)n−1. Since ψp is a map of Z−modules, the
maximal size of the image of ψp is m(p− 1)t, so m(p− 1)t = 2(p− 1)n−1. Since m < p− 1, this implies
t = n− 1.
From now on we add the assumption that K is totally real.
2.2 Transition from ψ to φl for primes l|p− 1
Throughout this section, fix a prime p ∈ Z which splits completely in K/Q, and let {p = p1, p2, ..., pn}
be the set of prime ideals of K lying over p. We will suppress the subscript p from the map ψp. p is
completely split in K and G acts transitively and faithfully on the set {p = p1, p2, . . . , pn} of prime ideals
of K lying over p, so for each 1 ≤ i ≤ n, there is a unique g = gi ∈ G such that gi(p) = pi. Define φ to be
the composition
O×K
ψ→ (OK/pOK)× ∼→
n∏
i=1
(OK/pi)× ∼→
n∏
i=1
F×p
∼→ Z/(p− 1)Z[G],
u 7→ (at1 , . . . , atn) 7→
n∑
i=1
ti[gi] =: φ(u)
where a is a choice of a generator of F×p . The image of ψ lies in the kernel of the composition (OK/pOK)× N→
F×p → F×p /{±1}, which is isomorphic as a G-module to the additive module I = ker(Z/(p − 1)Z[G] →
Z/((p− 1)/2)Z) ⊆ Z/(p− 1)Z[G]. Thus the image of φ lies in I. Notice |I| = 2(p− 1)n−1 and |Im(ψ)| =
|Im(φ)|.
Lemma 2.2. K has minimal index mod p if and only if for every prime l there is an isomorphism of
Fl[G]-modules O×K/(O×K)l
∼→ I/lI.
Proof. Suppose that K has minimal index mod p, so that |Im(ψ)| = 2(p− 1)n−1. Since 2(p− 1)n−1 = |I|,
φ : O×K → I is an epimorphism. For any l|p − 1, tensoring this map with Z/lZ gives an epimorphism of
Fl[G]-modules O×K/(O×K)l ։ I/lI. Both O×K/(O×K)l and I/lI are Fl[G]-modules of rank n− 1 if l 6= 2 or
F2[G]-modules of rank n if l = 2, this map must be an isomorphism. If l ∤ p − 1, then both O×K/(O×K)l
and I/lI are 0 and the map is an isomorphism.
Now suppose that for every prime l there is an isomorphism O×K/(O×K)l
∼→ I/lI. Let M denote the
cokernelM = I/φ(O×K); we showM = 0 by showing for any l, the localized moduleMl = 0. By definition,
the sequence
O×K
φ→ I →M → 0
is right exact, and so the sequence
O×K/(O×K)l → Il/lIl →Ml/lMl → 0
is also right exact. By assumption the first map in this sequence is an isomorphism, so by exactness
Ml/lMl = 0. Hence Ml = 0 by Nakayama’s lemma.
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The additive module I fits into the exact sequence of Z−modules
0 −→ I −→ Z/(p− 1)Z[G] Tr−→ Z/((p− 1)/2)Z −→ 0,
where Tr denotes the trace map that sends an element
∑
g∈G
ag[g] to
∑
g∈G
ag ∈ Z/ ((p− 1)/2)Z.
Let Bl = {x =
∑
xi[gi] ∈ Fl [G] :
∑
xi = 0} ⊆ Fl[G].
Lemma 2.3. I/lI ∼= Bl if l 6= 2.
Proof. Apply ⊗ZZ/lZ to the above sequence and notice that some of the terms in the long exact sequence
of Tor are zero.
For l = 2 the situation is more complicated.
Lemma 2.4. (a) If p ≡ 3 mod 4, then I/2I ∼= F2[G].
(b) If p ≡ 1 mod 4 and |G| is odd, then I/2I ∼= F2[G].
(c) If p ≡ 1 mod 4 and |G| is even, then I/2I is not isomorphic to F2[G].
Proof. (a) : Similar to the proof of the previous lemma.
(b), (c) : Suppose p ≡ 1 mod 4. As an abelian group, I ∼= (Z/(p−1)Z)n−1⊕Z/2Z, and so I/2I is a rank
n module over Z/2Z. Let d be such that 2d||p− 1; note d ≥ 2. Define T = ker(Z/2dZ[G] → Z/(2d−1)Z),
and define a G-module homomorphism δ : I → T by reducing coefficients of elements of I mod 2d and
acting by the identity on elements of G. Using the generalized Chinese remainder theorem we deduce that
this map is an epimorphism. Tensoring with Z/2Z we obtain a G-module map I/2I ։ T/2T between
G-modules over F2 of the same rank, thus an isomorphism.
First suppose that |G| is odd. Notice every element in T can be written as 2d−1β +∑ni=1 ai[gi],
where
∑n
i=1 ai ≡ 0 mod 2d. Let α = (2d−1 − |G|)[g1] +
∑n
i=1[g1] ∈ T ; then for any gj ∈ G, gjα =
α + (2d−1 − |G|)([gj ] − [g1]). Since 2d−1 − |G| is odd by assumption, the set {gjα− α}ni=1 generates all
elements
∑n
i=1 ai[gi] with
∑n
i=1 ai ≡ 0 mod 2d in T/2T . Since α itself has trace 2d−1, we see that α
generates all of T/2T as a G-module. Thus T/2T is cyclic as a G-module; since it is of rank n, it must be
isomorphic to F2[G], and thus also I/2I ∼= F2[G].
Now suppose that |G| is even. The element α lies in the G invariants of T/2T since for any gj ∈ G,
gjα − α = (2d−1 − |G|)([gj ] − [g1]) ∈ 2T . Since also 2d−1[g1] lies in the G invariants of T/2T , the G
invariants of T/2T is at least 2−dimensional over F2. Since the G invariants of F2[G] is 1−dimensional,
T/2T is not isomorphic to F2[G] as G-modules, and so I/2I is not isomorphic to F2[G] as G-modules.
For any l (except l = 2 when |G| is even), let φl denote the composition of φ with the map to Fl[G]
obtained from the previous lemmas. Explicitly, this map is simply reduction mod l of the coefficients ti
of elements of Z/(p− 1)Z[G]. Using the previous three lemmas, we deduce the following theorem.
Theorem 2.5. If p ≡ 3 mod 4 or if p ≡ 1 mod 4 and |G| is odd, then K has minimal index mod p if
and only if the image of φl equals Bl for every l|p− 1, l 6= 2 and the image of φ2 is all of F2[G]. If p ≡ 1
mod 4 and |G| is even, then K has minimal index mod p if and only if O×K/(O×K)2
∼→ I/2I and the image
of φl equals Bl for every l|p− 1, l 6= 2.
We also deduce the following weaker theorem, which will be useful later.
Theorem 2.6. The index of ψp(O×K) in (OK/pOK)× is a power of 2 times (p − 1)/2 if and only if the
image of φl equals Bl for every l|p− 1, l 6= 2.
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2.3 Transition from φl to Frobenius elements
Theorem 2.5 can be reformulated as a question about certain Frobenius elements attached to the φl for
l|p−1. Given a prime l|p−1, let Kl = K
(
ζl,
l
√
O×K
)
, where ζl denotes a primitive l
th root of unity. Then
Kl is a Galois extension of K(ζl), so let Gl = Gal(Kl/K(ζl)). Since O×K is a Z−module of rank n− 1 with(O×K)tors = {±1}, for l 6= 2, |Gl| = ln−1 and Gl ∼= (Z/lZ)n−1 as groups. In contrast, for l = 2, √−1 is in
K2, but not in K(ζ2) = K; thus G2 = Gal(K2/K(ζ2)) ∼= (Z/2Z)n and |G2| = 2n.
The next few lemmas will prove that the fields Kl can be generated as a G-module over K(ζl) by a
single unit. The following lemma is proved in Washington [18].
Lemma 2.7. [18, Lemma 5.27] There is a unit ǫ of K such that the set of units {gi(ǫ)}n−1i=1 is multiplica-
tively independent, hence is such that
[O×K : Z[G] · ǫ] = N <∞.
The next lemma says that for every l ∤ n = |G| (in particular the finitely many l|N that are coprime
to n), there exists a unit ǫl such that gcd
([O×K : Z[G] · ǫl] , l) = 1.
Lemma 2.8. If l ∤ n, then there is a unit ǫl so that gcd
([O×K : Z[G] · ǫl] , l) = 1.
Proof. We first show that O×K ⊗ Fl is cyclic as a G-module over Fl. Consider the map O×K
L−→ R[G],
L : u 7→ (log |g1(u)|, log |g2(u)|, . . . , log |gn(u)|). L maps O×K into the trace zero submodule R[G]tr=0 of
R[G]. By Dirichlet’s unit theorem, after tensoring with R this map becomes an isomorphism O×K⊗ZR
L⊗ZR−→
R[G]tr=0. Since C is flat over R, this gives an isomorphism O×K ⊗C ∼= C[G]tr=0. By considering the G×G
bimodule structure on Q[G], it follows that O×K ⊗ Q is a direct summand of Q[G] and hence cyclic as a
Q[G]-module. Because localization is exact, O×K ⊗ Ql is cyclic as a Ql[G]-module. Since l ∤ |G|, there is
an equivalence of categories between Ql[G]-modules and Fl[G]-modules, and so O×K ⊗ Fl is also cyclic as
an Fl[G]-module.
Since O×K ⊗Fl is cyclic as a G-module, by Nakayama’s lemma the Z(l)−module O×K ⊗Z(l) obtained by
tensoring O×K with the local ring Z(l) is also cyclic as a G-module. Thus there exists a unit ǫ˜l ∈ O×K ⊗Z(l)
such that O×K ⊗Z(l) = Z(l)[G] · ǫ˜l. Viewing Z(l) ⊆ Q, we see ǫ˜l = ur/s for some u ∈ O×K and integers r and
s with l ∤ s. Set ǫl := u
r ∈ O×K ; then the G-modules generated by ǫl and ǫ˜l coincide in O×K ⊗ Z(l). Thus
after tensoring the short exact sequence
0→ Z[G] ·ǫl−→ O×K → O×K/Z[G] · ǫl → 0
with Z(l), we obtain the exact sequence
Z[G]⊗ Z(l) ·ǫl−→ O×K ⊗ Z(l) → O×K/Z[G] · ǫl ⊗ Z(l) → 0,
where the first map is an isomorphism. Thus O×K/Z[G] · ǫl ⊗ Z(l) = 0. Hence O×K/Z[G] · ǫl is torsion as a
Z[G]-module and has order coprime to l.
Remark 2.9. It remains to consider those primes l|n. The following condition must be satisfied by the
field K:
(G1) If l|n, then there is a unit ǫl ∈ O×K such that gcd
([O×K : Z[G] · ǫl] , l) = 1.
We prove in Theorem 3.4 that this condition is satisfied in a multiquadratic field by any unit that has
norm −1. For more general totally real Galois fields this condition must be satisfied; it is critical for the
strategy of our proof.
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For a unit η ∈ O×K , let Uη = Z[G] · η be the multiplicative subgroup of O×K generated by η as a
G-module.
Lemma 2.10. If η is a unit satisfying gcd
([O×K : Uη] , l) = 1 then O×K · l√Uη = l√O×K .
Proof. Uη ⊆ O×K and so O×K · l
√
Uη ⊆ l
√
O×K . Conversely, let
[O×K : Uη] = r and let x ∈ l√O×K ; notice
that xr ∈ l√Uη and xl ∈ O×K . Since gcd(r, l) = 1 there are integers a and b such that 1 = al + br, and
x = xal+br = (xl)b(xr)a ∈ O×K · l
√
Uη.
For a unit η, set ηi := g
−1
i (η) for 1 ≤ i ≤ n. By Lemmas 2.7, 2.8, and 2.10, and because K satisfies
condition (G1), we deduce for every prime l there is a unit ǫ such that Kl = K(ζl, l
√
ǫ1, . . . , l
√
ǫn). Also,
note there are only finitely many distinct ǫ for all l prime.
Given a prime P of K(ζl) lying above p ⊆ OK , let σP = (P,Kl/K(ζl)) ∈ Gl be the Frobenius element
attached to a prime P. This is a well defined element of Gl (independent of choice of prime ideal B|P in
Kl) since the extension Kl/K(ζl) is abelian.
Theorem 2.11. Assume that K satisfies condition (G1). Let p ∈ Z be a completely split prime in K.
(a) If p ≡ 3 mod 4, K has minimal index mod p if and only if for every l|p− 1, the Frobenius element
σP of any prime P of K(ζl) lying above p generates Gl = Gal(Kl/K(ζl)) as a G-module.
(b) If p ≡ 1 mod 4 and |G| is even, then K has minimal index mod p if and only if O×K/(O×K)2
∼→ I/2I
and for every l|p − 1, l 6= 2, the Frobenius element σP of any prime P of K(ζl) lying above p
generates Gl as a G-module.
(c) If p ≡ 1 mod 4 and |G| is odd, then K does not have minimal index mod p.
Proof. For any l|p− 1, let G′l := Gal(Kl/K). From Kummer theory, there is a short exact sequence
1→ µl → K¯× → K¯× → 1
given by sending an element of K¯× to its lth power, where µl denotes the set of l
th roots of unity. Taking
invariants under the absolute Galois group Gal(K(ζl)/K(ζl)) of K(ζl) and noticing that H
1(K(ζl), K¯
×) =
0 by Hilbert’s theorem 90, we obtain the Kummer isomorphism H1(K(ζl), µl) ∼= K(ζl)×/K(ζl)×l. Since
µl is trivial overK(ζl), H
1(K(ζl), µl) records the homomorphisms from the absolute Galois group of K(ζl)
to µl. This is dual to the Galois group ΓK(ζl) of the maximal abelian extension of K(ζl), and so we have
ΓK(ζl)
∼= Hom(K(ζl)×/K(ζl)×l, µl) = Hom(K(ζl)×, µl)
given by sending σ to
(
α 7→ σ(
l
√
α)
l
√
α
)
. For any place v inK(ζl) above p, we have the commutative diagram
ΓK(ζl)v

// Hom(K(ζl)
×
v , µl)

ΓK(ζl)
// Hom(K(ζl)
×, µl)
where the vertical maps are isomorphisms. Let k be the residue field of K(ζl) at v; by assumption on p,
this is also the residue field of K at p. Then there is a map
ΓK(ζl)v = Hom(K(ζl)
×
v , µl)→ Hom(O×l,v, µl)→ Hom(k×, µl)
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which corresponds to the maximal unramified quotient of ΓK(ζl)v . The image of a lift of the Frobenius
element is computed on α ∈ O×l,v by reducing modulo p in K and considering the corresponding action on
k× = (OK/p)×. In particular, for the extension Kl, there is a commutative diagram
∏
v G
′
l,v

//
∏
pHom((OK/p)× , µl)

G′l
∼=
// Hom(O×K , µl)
where the vertical arrow denotes reduction modulo p, and the image is exactly the Frobenius element at
p. Since G permutes the Frobenius elements transitively, we deduce that the G-module generated by any
Frobenius element is precisely the image of the map
Hom((OK/pOK)× , µl)→ Hom(O×K , µl).
If l 6= 2, then Hom(O×K , µl) has order ln−1, and the map is surjective if and only if the image of
O×K in (OK/pOK)×/(OK/pOK)×l has order ln−1, or equivalently if and only if O×K surjects onto the
trace zero part of this space. If l = 2, then Hom(O×K , µl) has order 2n, and the reduction map O×K →
(OK/pOK)×/(OK/pOK)×2 must be an isomorphism. Now apply Theorem 2.5.
A priori there are [K(ζl) : Q] primes P of K(ζl) lying above p since p is split in K/Q and l|p − 1.
However, for two primes P and P′ lying above p, σP and σP′ generate subgroups in Gl of the same size
which are conjugate in Gal(Kl/Q), and so σP generates Gl as a G-module if and only if σP′ does. Hence
the choice of Frobenius element σP ∈ Gl is independent of P|p (and so also independent of choice of p|p),
and we may choose the Frobenius element of any P lying over p.
Using Theorem 2.6 we also deduce the following.
Theorem 2.12. Assume that K satisfies condition (G1). Let p ∈ Z be a completely split prime in K.
The index of ψp(O×K) in (OK/pOK)× is a power of 2 times (p−1)/2 if and only if for every l|p−1, l 6= 2,
the Frobenius element σP of any prime P of K(ζl) lying above p generates Gl as a G-module.
3 Multiquadratic fields
We will now add the assumption that K is a multiquadratic field. Throughout this section and the next,
K will denote a totally real multiquadratic field containing a unit of norm −1 of degree n = 2m over Q
and G = Gal(K/Q) ∼= (Z/2Z)m, m ≥ 1. We also add the assumption that the ramification index of 2 in
K/Q satisfies e2(K/Q) ≤ 2. This assumption is only used in Lemma 4.15 to prove that the genus field
of K is also multiquadratic. In this section we will reinterpret the equivalent conditions for K to have
minimal index mod p given in Theorem 2.11 for multiquadratic fields. We also prove that K satisfies
condition (G1).
3.1 Determination of the map ψ at l = 2
In this section we prove that if K has minimal index mod p, then p ≡ 3 mod 4, and in this case the map
φ2 is an epimorphism. The following lemma uses in an essential way the fact that K is a multiquadratic
field.
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Lemma 3.1. An element x =
∑n
i=1 xi[gi] ∈ F2[G] generates F2[G] as a G−module if and only if
n∑
i=1
xi ≡ 1 mod 2.
Proof. Let x =
∑n
i=1 xi[gi]. First suppose
∑
xi ≡ 1 mod 2. Then there are an odd number of nonzero
coefficients of x. Let gi1 , . . . , gi2k+1 be the 2k + 1 elements of G with nonzero xij coefficients. Then
x · x =
2k+1∑
j=1
[gij ] ·
2k+1∑
t=1
[git ] =
2k+1∑
j=1
2k+1∑
t=1
[gij · git ]
= (2k + 1)[g1] + 2
∑∑
j 6=t
[gij · git ] = (2k + 1)[g1] + 0 = [g1],
since we are working in characteristic 2 and every element of G has order 2. Hence x2 = [g1]. The action
of G gives us all elements of F2[G] with exactly one nonzero coefficient, and adding these together will
give us all elements of F2[G] with exactly 2, 3, . . . , and n nonzero coefficients. Hence x will generate
F2[G] as a G−module. Conversely, if
∑
xi ≡ 0 mod 2, then for any element y in F2[G], the coefficients
of x · y will always sum to zero, and so x cannot generate all of F2[G] as a G−module.
By Lemma 2.2, if K has minimal index mod p, then there is an isomorphism of F2[G]−modules
O×K/(O×K)2 → I/2I. Also, by Lemma 2.4, I/2I is not isomorphic to F2[G] as G−modules.
Lemma 3.2. O×K/(O×K)2 ∼= F2[G] as G−modules.
Proof. Consider the composition
O×K →
∏
v|∞
R×/(R×)2
∼=−→ F2[G] Tr−→ F2,
u 7→ (σv(u))v|∞ = ((−1)tv)v|∞ →
∑
v|∞
tv[σv]→
∑
v|∞
tv,
where we naturally identify the n real infinite places v with elements σv of G = Gal(K/Q), and Tr is the
trace map. This map factors through O×K/(O×K)2, giving a homomorphism of G−modules O×K/(O×K)2 →
F2[G]. By assumption there is a unit ǫ
′
of K of norm −1, and so the image under the above map of
ǫ
′
is 1 ∈ F2. By Lemma 3.1, the image of ǫ′ in F2[G] generates F2[G]. This gives an epimorphism
O×K/(O×K)2 → F2[G] onto a free module, which is an isomorphism since both O×K/(O×K)2 and F2[G] have
the same size.
Thus if p ≡ 1 mod 4, since I/2I is not isomorphic to F2[G], the map O×K/(O×K)2 → I/2I cannot be
an isomorphism of G−modules. By Lemma 2.2, K does not have minimal index mod p. Next we turn to
the case p ≡ 3 mod 4.
Lemma 3.3. If p ≡ 3 mod 4, then the map φ2 is an epimorphism.
Proof. The image under ψ of ǫ
′
in
∏n
i=1(OK/pi)× can be written
(ǫ
′
mod p1, . . . , ǫ
′
mod pn) = ((g1(a))
t1 , . . . , (gn(a))
tn),
where a is a generator for (OK/p)×, and so
∏n
i=1 g
−1
i (ǫ
′
) = NKQ (ǫ
′
) = −1 ≡ ∏ni=1 ati = a∑ ti mod p.
Since a is a generator for (OK/p)×, −1 ≡ a(p−1)/2 mod p and so a(p−1)/2 ≡ a
∑n
i=1 ti mod p. Then
(p− 1)/2 ≡∑ni=1 ti mod p− 1, implying ∑ni=1 ti ≡ 1 mod 2 since p ≡ 3 mod 4. Thus
φ2(ǫ
′
) =
n∑
i=1
ti[gi] ∈ {x =
∑
xigi ∈ F2[G]|
∑
xi = 1}.
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By Lemma 3.1, we see that φ2(ǫ
′
) will generate F2[G] as a G−module, and so φ2 is an epimorphism.
We deduce that if p ≡ 3 mod 4 it is always the case that the Frobenius element σP of any prime P of
K(ζl) lying above p generates G2 = Gal(K2/K(ζ2)) as a G−module. We further conclude that the refor-
mulation in Theorem 2.11 remains valid if we replace K2 = K
(√
O×K
)
with the simpler field K(
√−1),
since p ≡ 3 mod 4 if and only if a prime ideal above p generates Gal(K(√−1)/K(ζ2)) = Gal(K(
√−1/K))
as a G−module.
Finally we prove that the condition (G1) is satisfied for every multiquadratic field K containing a unit
of norm −1.
Theorem 3.4. If ǫ
′
is a unit of norm −1, then gcd
([
O×K : Z[G] · ǫ
′
]
, 2
)
= 1.
Proof. Let M = Z[G] · ǫ′ and N = O×K ; then the sequence
0 −→M i−→ N −→ N/M −→ 0
is exact. Using Lemma 3.2 we deduce that the map i is an isomorphism mod 2. By Nakayama’s lemma,
this implies that (N/M)(2) = 0. Thus N/M is torsion as a Z−module and has order coprime to 2.
Combining this with the previous results of this section, we can now restate Theorem 2.11 for multi-
quadratic fields.
Theorem 3.5. Let Kl = K
(
ζl,
l
√
O×K
)
if l 6= 2 is prime and let K2 = K(
√−1). For a prime p ∈ Z
completely split in K, K has minimal index mod p if and only if for every l|p− 1, the Frobenius element
σP of any prime P of K(ζl) lying above p generates Gl = Gal(Kl/K(ζl)) as a G−module.
3.2 An equivalent condition on Frobenius elements for l 6= 2
Fix a prime l 6= 2. We will further reformulate the condition on the Frobenius elements σP given in
Theorem 2.11. Let Qi, 1 ≤ i ≤ n− 1 denote the n− 1 quadratic subfields of K. For each i, let Hi denote
the index two subgroup of G corresponding to the fixed field Qi. Then Hi = Gal(K/Qi) and Qi = K
Hi .
Since l ∤ |G| = 2m, Gl ∼= ⊕n−1i=1 Vi as G−modules, where each Vi is a one dimensional irreducible G-module.
Explicitly, since the action of an element σ ∈ Gl onKl = K(ζl, l√ǫ1, . . . , l√ǫn) is given by σ( l√ǫk) = ζakl l
√
ǫk,
for each i, Vi = Fl
[∑
h∈Hi
h−∑g/∈Hi g
]
. Let πi : Gl → Vi denote the natural projection map onto the
irreducible submodule Vi. This map has kernel isomorphic to Mi := ⊕j 6=iVj = Gal(Kl/KMil ), and so
σ ∈ Gl, πi(σ) = 0 if and only if σ ∈ ⊕j 6=iVj , or equivalently σ is the identity on the field KMil . Define
ui :=
∏
h∈Hi
h(ǫ) ∈ Qi ⊆ K for 1 ≤ i ≤ n − 1, where ǫ is the unit for which Kl = K(ζl, l√ǫ1, . . . , l√ǫn)
given by Lemma 2.7.
Lemma 3.6. For every 1 ≤ i ≤ n− 1, KMil = K(ζl, l
√
ui).
Proof. [KMil : K(ζl)] = l, so the extension is cyclic generated by an l
th root. We show that l
√
ui ∈ KMil .
Consider for any i 6= j the containment Hi ≤ HiHj ≤ G. The first containment is proper because
i 6= j. Since [G : Hi] = 2, HiHj = G. Then |Hi ∩ Hj | = |Hi||Hj ||HiHj | = 2
m−2, and so for every i 6= j,
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[Hj : Hi ∩Hj ] = 2. Then for any σ ∈ Vj = Fl[
∑
h∈Hi
h−∑g/∈Hig g], say σ = a(∑h∈Hi h−∑g/∈Hi g), we
have
σ( l
√
ui) = σ
( ∏
h∈Hi
l
√
h(ǫ)
)
=
∏
h∈Hi∩Hj
ζal
l
√
h(ǫ) ·
∏
h∈Hi\Hj
ζ−al
l
√
h(ǫ) = l
√
ui.
For each 1 ≤ i ≤ n− 1, let Qi := P∩OQi(ζl); then Qi is a completely split prime of Qi(ζl) that P lies
above.
Lemma 3.7. σP generates Gl as a G-module if and only if for all 1 ≤ i ≤ n−1, (Qi, Qi(ζl, l√ui)/Qi(ζl)) 6=
(id).
Proof. Since Gl ∼= ⊕n−1i=1 Vi as G-modules with Vi irreducible G-modules, σP generates Gl as a G-module
if and only if σP|KMil 6= (id) for all 1 ≤ i ≤ n− 1. Now,
σP|KMil = (P,Kl/K(ζl))|KMil
= (P,KMil /K(ζl))
= (P,K(ζl, l
√
ui)/K(ζl)).
Thus σP generates Gl as a G-module if and only if for every 1 ≤ i ≤ n − 1, (P,K(ζl, l
√
u)/K(ζl)) 6=
(id). The element ui =
∏
h∈Hi
h(ǫ) ∈ Qi = KHi since ui is fixed by every element of Hi. Then
(P,K(ζl, l
√
ui)/K(ζl)) 6= (id) if and only if the Frobenius element (Qi, Qi(ζl, l√ui)/Qi(ζl)) 6= (id), since
both elements have order a power of l and their order differs by at most 2m−1 = [K : Qi].
4 Application of analytic number theory
4.1 Classical argument
Recall that K is a totally real multiquadratic field containing a unit of norm −1. We will adapt techniques
originally given by Hooley [4] in his proof of Artin’s conjecture on primitive roots to our setting. Lemma
3.7 allows us to convert conditions pertaining to the multiquadratic field K into conditions pertaining to
its quadratic subfields. Several of the proofs, including those of Lemmas 4.2 and 4.6, are then modifica-
tions of Roskam’s results for quadratic fields (see [15]). These two lemmas will not directly generalize to
other number fields K. We fix notation which we will use throughout the rest of this section.
Notation 4.1. Let l denote a prime number. Let r and k denote positive integers, with k squarefree.
In what follows we disregard the prime p = 2 since we are only interested in the asymptotic behavior
of p. Recall Kl = K
(
ζl,
l
√
O×K
)
for l 6= 2 and K2 = K(
√−1). For p ∈ Z a prime that splits completely
in K, let R(p, l) = 1 if l|p− 1 and the Frobenius element σP does not generate Gl = Gal(Ll/K(ζl)) as a
G−module for any P|p of K(ζl), and 0 otherwise. Define the following for x, δ, δ1, δ2 ∈ R.
N(x, δ) = |{p split in K/Q : p ≤ x,R(p, l) = 0 ∀ l ≤ δ}|
N(x) = N(x, x− 1) = |{p split in K/Q : p ≤ x,R(p, l) = 0 ∀ l ≤ x− 1}|
P (x, k) = |{p split in K/Q : p ≤ x,R(p, l) = 1 ∀ l|k}|
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M(x, δ1, δ2) = |{p split in K/Q : p ≤ x,R(p, l) = 1 ∃ l ∈ (δ1, δ2]}|
S = {primes p completely split in K/Q : ∀l|p−1, σP generates Gl as a G−module for any P|p of K(ζl)}
By Theorem 3.5, K has minimal index mod p if and only if p is counted in S, and so we wish to show
that the set S has a positive density
δ(S) = lim
x→∞
|{p ∈ S : p ≤ x}|
π(x)
= lim
x→∞
N(x)
π(x)
in the set of all primes, where π(x) denotes the number of prime numbers p less than or equal to x. We
will do so by investigating the limit as x→∞ of the ratio N(x)
x/ log x
.
Define M = 2n+3, where n = [K : Q]; note that M only depends on the degree of the multiquadratic
field K. Let
ξ1(x) =
1
2M
log (x), ξ2(x) =
√
x
log2 x
, and ξ3(x) =
√
x log x.
In addition, defineM1(x) := M(x, ξ1(x), ξ2(x)),M2(x) := M(x, ξ2(x), ξ3(x)), andM3(x) :=M(x, ξ3(x), x−
1). As in the argument of Hooley, we deduce
N(x) = N(x, ξ1(x)) +O(M(x, ξ1(x), x − 1)).
Also, we trivially have
M(x, ξ1(x), x − 1) ≤ M(x, ξ1(x), ξ2(x)) +M(x, ξ2(x), ξ3(x)) +M(x, ξ3(x), x − 1)
= M1(x) +M2(x) +M3(x).
Lemma 4.2. M3(x) = O
(
x
log2 x
)
.
Proof. If p is counted in M3(x), then for some l, x − 1 ≥ l ≥ ξ3(x), l|p − 1 and for a prime P|p of
K(ζl), σP does not generate Gl as a G-module. Since we are interested in the asymptotic behavior
of x, we may assume that ξ3(x) is not small, and so l 6= 2. By Lemma 3.7, this implies that for some
1 ≤ i ≤ n−1, (Qi, Qi(ζl, l√ui)/Qi(ζl)) = (id), soQi = P∩OQi(ζl) is a prime ofQi(ζl) that splits completely
in Qi(ζl, l
√
ui), where ui =
∏
h∈Hi
h(ǫ) ∈ Qi. Hence u(p−1)/li − 1 ∈ Qi; since also u(p−1)/li − 1 ∈ OQi ,
u
(p−1)/l
i − 1 ∈ Qi ∩ OQi =: qi for qi a prime of Qi. Thus qi|u(p−1)/li − 1, and so NQiQ (qi) = p ≤
NQiQ
(
u
(p−1)/l
i
)
. Now, since x− 1 ≥ l ≥ ξ3(x) =
√
x log x and p ≤ x, we have
1
l
≤ 1√
x log x
, and so
p− 1
l
≤ p− 1√
x log x
≤ x√
x log x
=
√
x
log x
.
Thus every such p counted in M3(x) divides
∏
r<
√
x
log x
n−1∏
i=1
NKiQ (u
r
i − 1), where r ∈ N. Each p is at least 2,
so 2M3(x) ≤
∏
r<
√
x
log x
n−1∏
i=1
|NQiQ (uri − 1)|. Let A1 > maxi,gj |gj(ui)|; notice that since there are only finitely
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many distinct ǫ for varying l, there are only finitely many distinct ui and so A1 is finite. For each i,
|NQiQ (uri − 1)| < (Ar1 + 1)2. Thus
n−1∏
i=1
|NQiQ (uri − 1)| < (Ar1 + 1)2(n−1) < A2r2 ,
where A2 > (A1 + 1)
n−1, and A1, A2 = O(1). Hence
2M3(x) ≤
∏
r<
√
x
log x
n−1∏
i=1
|NQiQ (uri − 1)| <
∏
r<
√
x
log x
A2r2 .
Taking logs, we have
M3(x) ≤
∑
r<
√
x
log x
log(A2r2 )
log 2
=
∑
r<
√
x
log x
2r log(A2)
log 2
=
2 log(A2)
log 2
∑
r<
√
x
log x
r ≤ 2 log(A2)
log 2
∑
r<
√
x
log x
√
x
log x
≤ 2 log(A2)
log 2
√
x
log x
√
x
log x
=
2 log(A2)
log 2
x
log2(x)
.
Hence M3(x) = O
(
x
log2 x
)
.
Lemma 4.3. M2(x) = O
(
x log log x
log2 x
)
.
Proof. If p is counted in M2(x), then there is a prime l0 ∈ (ξ2(x), ξ3(x)] such that R(p, l0) = 1, and so p
will be counted in P (x, l0). Thus
M2(x) ≤
∑
l∈(ξ2(x),ξ3(x)]
P (x, l).
Now, for any l, P (x, l) ≤ |{p ≤ x : p ≡ 1 mod l}|, since the primes counted in R(p, l) satisfy additional
conditions. Now, for each l prime, the Brun-Titchmarsh Theorem states that
|{p ≤ x prime : p ≡ 1 mod l}| ≤ bx
φ(l) log(xl )
=
bx
(l − 1) log(xl )
for some fixed absolute constant b, and so we deduce that M2(x) ≤
∑
l∈(ξ2(x),ξ3(x)]
bx
(l − 1) log(xl )
.
Now notice that
x
(l − 1) log(xl )
≤ 8x
l log x
for all l ∈ (ξ2(x), ξ3(x)]. To see this, note that since
l ≤ ξ3(x) =
√
x log x, x/l ≥ √x/ log x, and so (x/l)4 ≥ x2/ log4 x ≥ x. Thus
log x ≤ log
(
(x/l)4
)
= 4 log (x/l) , or equivalently
1
log(x/l)
≤ 4
log x
. Then
x
(l − 1) log(xl )
≤ 8x
l log x
,
and so we find that
M2(x) ≤
∑
l∈(ξ2(x),ξ3(x)]
bx
(l − 1) log(xl )
≤
∑
l∈(ξ2(x),ξ3(x)]
8bx
l log x
,
and so M2(x) = O

 x
log x
∑
l∈(ξ2(x),ξ3(x)]
1
l

.
Next we claim that
x
log x
∑
l∈(ξ2(x),ξ3(x)]
1
l
= O

 x
log2 x
∑
l∈(ξ2(x),ξ3(x)]
log l
l

 .
Since l ≥ √x/ log2 x for every l ∈ (ξ2(x), ξ3(x)], l4 ≥ x2/ log8 x ≥ x, and so log x ≤ log(l4) = 4 log l or
equivalently 1 ≤ 4 log l/ logx. Hence
x
log x
∑
l∈(ξ2(x),ξ3(x)]
1
l
≤ 4x
log x
∑
l∈(ξ2(x),ξ3(x)]
log l
l log x
=
4x
log2 x
∑
l∈(ξ2(x),ξ3(x)]
log l
l
,
and so
x
log x
∑
l∈(ξ2(x),ξ3(x)]
1
l
= O

 x
log2 x
∑
l∈(ξ2(x),ξ3(x)]
log l
l

. Thus
M2(x) = O

 x
log2 x
∑
l∈(ξ2(x),ξ3(x)]
log l
l

 .
We now can use a theorem of Mertens to bound the last sum. Define
S(x) :=
∑
l∈(ξ2(x),ξ3(x)]
log l
l
.
Mertens theorem states that log x −
∑
l≤x prime
log l
l
= O(1) as x→ ∞. Thus there exists a constant t > 0
(independent of x) such that
∣∣∣∣∣∣log(ξ3(x))− S(x)−
∑
l≤ξ2(x)
log l
l
∣∣∣∣∣∣ ≤ t and
∣∣∣∣∣∣log(ξ2(x)) −
∑
l≤ξ2(x)
log l
l
∣∣∣∣∣∣ ≤ t.
Hence
|log(ξ3(x)) − log(ξ2(x))− S(x)| =
∣∣∣∣∣∣(log(ξ3(x)) − S(x)−
∑
l≤ξ2(x)
log l
l
)− (log(ξ2(x))−
∑
l≤ξ2(x)
log l
l
)
∣∣∣∣∣∣
≤
∣∣∣∣∣∣log(ξ3(x)) − S(x)−
∑
l≤ξ2(x)
log l
l
∣∣∣∣∣∣+
∣∣∣∣∣∣log(ξ2(x))−
∑
l≤ξ2(x)
log l
l
∣∣∣∣∣∣ ≤ 2t
by the triangle inequality. Thus S(x) ≤ log(ξ3(x))− log(ξ2(x)) + 2t = log
(
ξ3(x)
ξ2(x)
)
+ 2t. Now,
ξ3(x)
ξ2(x)
= (
√
x log x) · log
2 x√
x
= log3 x,
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and so log
(
ξ3(x)
ξ2(x)
)
= log log3 x = 3 log log x. This implies
S(x) ≤ log
(
ξ3(x)
ξ2(x)
)
+ 2t = 3 log log x+ 2t ≤ h log log x
for some absolute constant h. Thus we can conclude that
M2(x) = O
(
x
log2 x
S(x)
)
= O
(
x log log x
log2 x
)
, as claimed.
Because
x
log2 x
= O
(
x log log x
log2 x
)
, we have
N(x) = N(x, ξ1(x)) +O(M(x, ξ1(x), x − 1))
= N(x, ξ1(x)) +O(M1(x)) +O
(
x log log x
log2 x
)
. (1)
4.2 Completion of proof using the generalized Riemann hypothesis
From (1) we see that to estimate N(x) it remains to estimate both N(x, ξ1(x)) and M1(x). As with
M2(x), we have M1(x) ≤
∑
l∈(ξ1(x),ξ2(x)]
P (x, l). Also, by the inclusion/exclusion principle we have
N(x, ξ1(x)) =
∑
k∈U(x)
µ(k)P (x, k),
where µ(x) denotes the Mo¨bius function and U(x) = {k : if l|k then l ≤ ξ1(x)}. For k a squarefree integer,
define
Kk =
∏
l|k
Kl =

 K(ζk,
k
√
O×K) if 2 ∤ k
K(
√−1, ζb, b
√
O×K) if k = 2b
to be the compositum of the fields Kl for l|k. Then Kk is a Galois extension of Q, and for all k,
kn−1φ(k)/2 ≤ [Kk : Q] ≤ 2nφ(k)kn−1, where n = [K : Q] and φ(k) denotes the Euler phi function. Define
dk := |disc(Kk/Q)|. The following technical lemma will be useful for our estimate of P (x, k). The proof
can be found in Roskam [15].
Lemma 4.4. [15, Prop.13] There is a constant κ1, depending on ǫ, such that for all k > 1 and all subfields
F ⊆ Kk we have log d1/[F :Q]F ≤ κ1 log k, where dF/Q is the absolute value of the discriminant of F/Q.
To estimate the sum P (x, k) we will use the following conditional result originally due to Lagarias-
Odlyzko [8] and found in [15].
Theorem 4.5. Let F/Q be a Galois extension with Galois group G, let C be a union of conjugacy classes
of G, and denote the absolute value of the discriminant of F by dF . Define
πC(x) = | {p ≤ x unramified in F/Q : (p, F/Q) ⊆ C} |.
Then the generalized Riemann hypothesis (abbreviated GRH) implies that there is an absolute constant κ2
such that for all x ≥ 2 the following inequality holds:
|πC(x)− |C||G|Li(x)| ≤ κ2|C|
√
x(log d
1/[F :Q]
F + log x),
with Li(x) =
∫∞
2
dt
log t the logarithmic integral.
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This theorem is applied to two different sets of fields to finish the proof. First it is applied in the proof
of the following.
Lemma 4.6. M1(x) = O
(
x
log2 x
)
.
Proof. We have shown that M1(x) ≤
∑
l∈(ξ1(x),ξ2(x)]
P (x, l). Again since l > ξ1(x) we may assume that
l 6= 2. A prime p contributes to the sum P (x, l) if and only if p is a prime split in K with p ≤ x and
R(p, l) = 1; that is, l|p − 1 and σP does not generate Gl as a G-module for any P|p. By Lemma 3.7
there is an i, 1 ≤ i ≤ n− 1 such that (Qi, Qi(ζl, l√ui)/Qi(ζl)) = (id), where Qi is a prime of Qi(ζl) lying
above p. Notice R(p, l) = 1 if and only if p splits completely in the extension Fli = K(ζl, l
√
ui)/Q for some
1 ≤ i ≤ n − 1. Hence a prime p contributes to the sum P (x, l) if and only if p ≤ x is split completely in
Fli/Q for some i, 1 ≤ i ≤ n− 1. We deduce
M1(x) ≤
∑
l∈(ξ1(x),ξ2(x)]
P (x, l)
≤
∑
l∈(ξ1(x),ξ2(x)]
| {p ≤ x : p splits in Fli/Q ∃ 1 ≤ i ≤ n− 1} |
≤
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
| {p ≤ x : p splits in Fli/Q} |.
Because the field extensions Fli/Q are Galois, we can apply Theorem 4.5 to these fields Fli/Q with
C = Cli the completely split conjugacy class in order to get an estimate on | {p ≤ x : p splits in Fli/Q} |.
For any l and any 1 ≤ i ≤ n − 1, let C = Cli = (id); then πC(x) = | {p ≤ x : (p, Fli/Q) = (id)} | =
| {p ≤ x : p splits in Fli/Q} |. By Theorem 4.5, the GRH implies that there is an absolute constant κ2
such that for all x ≥ 2, ∣∣∣∣πC(x)− 1[Fli : Q]Li(x)
∣∣∣∣ ≤ κ2√x(log d1/[Fli :Q]Fli + log x
)
,
since |Cli | = 1. In addition, since Fli ⊆ Kl for every i and l, by Lemma 4.4, d
1/[Fli :Q]
Fli
≤ κ1 log l, and so
|πC(x)− 1
[Fli : Q]
Li(x)| = O (√x log(lx)) for every l and i. Thus
M1(x) ≤
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
| {p ≤ x : p splits in Fli/Q} |
≤
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
(
1
[Fli : Q]
Li(x) +O
(√
x log(lx)
))
.
Now, [Fli : Q] = nl(l−1) for all but finitely many l, and we may assume ξ1(x) > l for the finite number
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of these l. Since nl(l− 1) ≥ nl2/2 for all l, we deduce 1/[Fli : Q] ≤ 2/nl2 for all l > ξ1(x). Hence
M1(x) ≤
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
(
1
[Fli : Q]
Li(x) +O
(√
x log(lx)
))
≤
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
2
nl2
Li(x) +
∑
l∈(ξ1(x),ξ2(x)]
n−1∑
i=1
O(
√
x log(lx))
= Li(x)(n− 1)
∑
l>ξ1(x)
2
nl2
+ (n− 1)
∑
l∈(ξ1(x),ξ2(x)]
O
(√
x log(lx)
)
= Li(x)(n− 1)
∑
l>ξ1(x)
2
nl2
+O

√x log x ∑
l≤ξ2(x)
1

 .
The former sum is bounded above by
∫ ∞
ξ1(x)
2
nx2
dx =
2
nξ1(x)
, and the latter sum is bounded by the
number of primes less than ξ2(x). By the Prime Number Theorem, the number of primes less than or
equal to z is O
(
z
log z
)
, and Li(x) is O
(
x
log x
)
. Thus
M1(x) = O
(
x
log x
· 1
ξ1(x)
)
+O
(√
x log x
ξ2(x)
log(ξ2(x))
)
= O
(
x
log2(x)
)
+O
(
x
log2 x
· log x
log ξ2(x)
)
,
using the definitions of ξ1(x) and ξ2(x). Lastly, since ξ2(x)
4 = x2/ log8 x ≥ x for x large enough, we see
that log x ≤ log(ξ2(x)4) = 4 log(ξ2(x)), and so
O
(
x
log2 x
· log x
log ξ2(x)
)
= O
(
x
log2 x
· 1
)
.
Hence M1(x) = O
(
x
log2(x)
)
+O
(
x
log2(x)
)
= O
(
x
log2(x)
)
.
Next we apply Theorem 4.5 to the fields F = Kk to estimate the sum P (x, k). Let Ck denote the
union of conjugacy classes in Gal(Kk/Q),
Ck =
⋃{
σ ∈ Gal(Kk/Q) : σ|K = (id), σ|Q(ζl) = (id) and
σ|Kl does not generate Gl as a G−module for all l|k} .
Then by definition πCk(x) = P (x, k). By Theorem 4.5 the GRH implies that
|P (x, k)− |Ck|
[Kk : Q]
Li(x)| ≤ κ2|Ck|
√
x(log d
1/[F :Q]
F + log x).
This, combined with Lemma 4.4, shows
|P (x, k)− |Ck|
[Kk : Q]
Li(x)| ≤ κ2|Ck|
√
x(κ1 log k + log x)
= O
(|Ck|√x log(kx))
Hence P (x, k) =
|Ck|
[Kk : Q]
Li(x) +O
(|Ck|√x log(kx)) . (2)
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Lemma 4.7. N(x, ξ1(x)) =
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
x
log x
+O
(
x
log2 x
)
.
Proof. We have that N(x, ξ1(x)) =
∑
k∈U(x)
µ(k)P (x, k), where U(x) = {k : if l|k then l ≤ ξ1(x)}. Using
equation (2) for P (x, k) we deduce
N(x, ξ1(x)) =
∑
k∈U(x)
µ(k)
[ |Ck|
[Kk : Q]
Li(x) +O
(|Ck|√x log x)
]
=
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
Li(x) +
∑
k∈U(x)
O
(|Ck|√x log x) .
Notice that by choice of M , (1 + n)/M = (1 + n)/(2n+ 3) < 1/2. Also, if k ∈ U(x), then k ≤ x1/M . For
every k we have the obvious inequality |Ck| ≤ [Kk : Q] ≤ 2nφ(k)kn−1 ≤ 2nkn, and so
N(x, ξ1(x))−
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
Li(x) =
∑
k∈U(x)
O
(|Ck|√x log x)
≤
∑
k≤x1/M
O
(
kn
√
x log x
)
= O
(
x1/Mxn/M
√
x log(x1+1/M )
)
= O
(
x
4n+5
4n+6 log(x)
)
= O
(
x
log2 x
)
.
Combining Lemmas 4.6 and 4.7 with the equation (1), we arrive at
N(x) =
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
· Li(x) +O
(
x log log x
log2 x
)
. (3)
It remains to show that the sum
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
approaches a limit as x→∞. To do so, we will need
several lemmas.
Lemma 4.8. The largest abelian extension of Q contained in Kr is K(ζr).
Proof. The sequence
1→ Gal(Kr/K(ζr)) −→ Gal(Kr/Q) −→ Gal(K(ζr)/Q)→ 1
given by restriction is exact, and so Gal(Kr/Q) ∼= Gal(K(ζr)/Q) ⋊ Gal(Kr/K(ζr)). Since r is odd, no
extension of K(ζr) in Kr is abelian. Since Gal(K(ζr)/Q) is abelian, we deduce
Gal(Kr/Q)
ab ∼= Gal(K(ζr)/Q)⋊ (id) ∼= Gal(K(ζr)/Q),
and so K(ζr) is the largest abelian extension of Q in Kr.
Lemma 4.9. Kl ∩K2 = K for all l 6= 2.
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Proof. Suppose to the contrary that l is a prime such that K2∩Kl = K
(√−1). Since K (√−1) is abelian
over Q and contained in Kl, by Lemma 4.8, K
(√−1) ⊆ K (ζl). Since K (√−1) is the unique degree two
extension of K in K (ζl), we deduce K
(√
(−1) l−12 l
)
⊆ K (√−1). Two cases arise.
Case 1: If l ≡ 3 mod 4, then K (√−l) ⊆ K (√−1). Notice K (√−l) is ramified over Q at the prime
l. Since K contains a unit of norm −1, no prime l ≡ 3 mod 4 can ramify in K/Q, and so l is unramified
in K
(√−1) /Q, a contradiction.
Case 2: If l ≡ 1 mod 4, then K
(√
l
)
⊂ K (√−1), and the containment must be proper since
K
(√
l
)
⊆ R. This forces √l ∈ K, and so 2|[K ∩ Q (ζl) : Q]. By Galois theory the isomorphism
Gal (K (ζl) /K) ∼= Gal (Q (ζl) /K ∩Q (ζl)) gives
[
K
(√−1) ∩Q (ζl) : K ∩Q (ζl)] = 2. This implies that
4| [K (√−1) ∩Q (ζl) : Q], a contradiction since Gal (K (√−1) ∩Q (ζl) /Q) is a quotient of both the cyclic
group Gal (Q (ζl) /Q) and the elementary abelian group Gal
(
K
(√−1) /Q).
Let E denote the genus field of K, the largest Abelian extension of Q contained in the Hilbert class
field of K. Define Ek as the compositum Ek = E · Kk for k odd and squarefree. Let ∆ denote the
discriminant of K/Q.
Lemma 4.10. Let r and s denote squarefree odd integers with gcd(r, s) = 1.
(a) Er ∩ Es = E.
(b) If gcd(r,∆) = 1, then Kr ∩Ks = K.
Proof. (a): The field extensions Kk/K and Ek/E are ramified only at primes lying above primes l|k.
Therefore since gcd(r, s) = 1, the extension Er ∩Es/E is unramified. Since the extension E/K is unram-
ified, also Er ∩ Es/K is unramified. We show Er ∩ Es/Q is abelian; this implies Er ∩ Es is contained in
the genus field of K, which is E, and so Er ∩ Es = E. Notice Er ∩ Es is a subfield of both Er(ζrs) and
Es(ζrs), and so Er ∩Es ⊆ Er(ζrs)∩Es(ζrs). The extension Er(ζrs) of E(ζrs) is obtained by adjoining rth
roots, and so its degree is power of r; likewise [Es(ζrs) : E(ζrs)] is a power of s. Thus, since gcd(r, s) = 1,
Er(ζrs) ∩ Es(ζrs) = E(ζrs). Thus Er ∩ Es ⊆ E(ζrs), and so Er ∩ Es is abelian over Q.
(b): Now suppose gcd(r,∆) = 1. Then for a prime l|r, K is unramified at l and Q(ζr) is totally ramified
at l, and so K(ζr) = K · Q(ζr) is totally ramified over K. Thus the extension K(ζr) ∩ E is both totally
ramified and unramified over K, and so K(ζr) ∩ E = K. Now, Kr ∩Ks ⊆ Er ∩ Es, so Kr ∩Ks is both
abelian over Q and contained in E by (a). By Lemma 4.8, this implies that Kr ∩ Ks ⊆ K(ζr). Hence
Kr ∩Ks ⊆ E ∩K(ζr) = K, so Kr ∩Ks = K.
Lemma 4.11. |Crs| = |Cr||Cs| if gcd(r, s) = 1.
Proof. It is enough to prove this for r, s prime numbers not equal to 2. We show the map Crs −→ Cr×Cs,
σ 7→ (σ|Kr , σ|Ks) is a bijection of sets. It is clearly an injection since Krs = KrKs. To see the map is a
surjection, suppose (ρ, σ) ∈ Cr ×Cs. Kr ∩Ks ⊆ Er ∩Es, so by Lemmas 4.8 and 4.10, Kr ∩Ks is abelian
over Q and contained in K(ζr) ∩K(ζs). By assumption ρ = (id) on K(ζr) and σ = (id) on K(ζs), and so
ρ and σ agree and are the identity on Kr ∩Ks. Hence there is a map τ : Kk → Kk in Crs mapping to
(ρ, σ).
Lemma 4.12. |Cl| ≤ 2(n−1)ln−2 for every l 6= 2.
19
Proof. If l 6= 2, l ∤ |G|, and so Gl ∼= ⊕n−1i=1 Vi, where Vi are distinct irreducible one-dimensional G−modules.
Thus the number of elements that generate Gl as a G−module is (l−1)n−1, and so |Cl| = ln−1−(l−1)n−1.
For any l, (l − 1)n−1 ≥ ln−1 −
n−2∑
i=0
(
n− 1
i
)
li, and so
|Cl| ≤ ln−1 − ln−1 +
n−2∑
i=0
(
n− 1
i
)
li ≤
n−2∑
i=0
(
n− 1
i
)
ln−2 ≤ 2n−1ln−2.
Lemma 4.13. lim
x→∞
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
=
∞∑
k=1
µ(k)|Ck|
[Kk : Q]
<∞.
Proof. If k /∈ U(x), then k > ξ1(x). Thus∣∣∣∣∣∣
∞∑
k=1
µ(k)|Ck|
[Kk : Q]
−
∑
k∈U(x)
µ(k)|Ck|
[Kk : Q]
∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
∑
k>ξ1(x)
µ(k)|Ck|
[Kk : Q]
∣∣∣∣∣∣ =
∑
k>ξ1(x)
|µ(k)||Ck|
[Kk : Q]
,
and so we can prove both that the sums are equal and finite in the same step. Let 1 > δ > 0. For all k
squarefree,
1
[Kk : Q]
≤ 2
n−1
φ(k)kn−1
, and so
∑
k>ξ1(x)
|µ(k)||Ck|
[Kk : Q]
≤
∑
k>ξ1(x)
|µ(k)||Ck|2n−1
φ(k)kn−1
.
By Lemmas 4.11 and 4.12 |Ck| =
∏
l|k
|Cl| ≤
∏
l|k
2(n−1)ln−2. Thus
∑
k>ξ1(x)
|µ(k)||Ck|2n−1
φ(k)kn−1
≤
∑
k>ξ1(x)
|µ(k)|∏l|k 2n−1ln−22n−1
φ(k)kn−1
=
∑
k>ξ1(x)
|µ(k)|∏l|k 22n−2
φ(k)k
.
We show that there is a κ(δ) such that for all k squarefree,∏
l|k 2
2n−2
φ(k)k
≤ κ(δ)
k2−δ
, or equivalently
∏
l|k 2
2n−2
φ(k)
≤ κ(δ)
k1−δ
.
First note that for all l > (22n−1)1/δ =: r, lδ > 2n, and so l − 1 ≥ 12 l > 22n−2l1−δ. Hence 1//l1−δ >
22n−2/(l − 1) for l > r. Define κ(δ) = 2(2n−2)r
∏
l≤r
l1−δ; then for all k squarefree,
∏
l|k 2
2n−2
φ(k)
=
∏
l|k
22n−2
l − 1 ≤
∏
l|k,l≤r
22n−2
l − 1 ·
∏
l|k,l>r
1
l1−δ
≤
∏
l|k
1
l1−δ
· (2(2n−2))r
∏
l≤r
l1−δ =
∏
l|k
1
l1−δ
· κ(δ) = κ(δ)
k1−δ
.
Since µ(k) = 0 for all k which are not squarefree,
∑
k>ξ1(x)
|µ(k)||Ck|2n−1
φ(k)kn−1
≤ κ(δ)
∑
k>ξ1(x)
1
k2−δ
,
which converges since 1 > δ > 0.
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Taking a limit and applying Lemma 4.13 to equation (3), we conclude
δ(S) = lim
x→∞
N(x)
x/ log x
=
∞∑
k=1
µ(k)|Ck|
[Kk : Q]
.
4.3 Nonvanishing of density
Let
c =
∞∑
k=1
µ(k)|Ck|
[Kk : Q]
.
It remains to show that c 6= 0 to conclude that the set S has positive density. By Lemma 4.9, K2∩Kl = K
for all l 6= 2, and so
c =
(
1− |C2|
[K2 : K]
) ∑
k odd
µ(k)|Ck|
[Kk : Q]
=
1
2
∑
k odd
µ(k)|Ck|
[Kk : Q]
.
Using Theorem 2.12 we conclude 2c =
∑
k odd
µ(k)|Ck|
[Kk : Q]
is the density of primes p ∈ Z completely split in K
for which the index of ψp(O×K) in (OK/pOK)× is a power of 2 times (p− 1)/2. Define d to be the density
of primes p ∈ Z completely split in E for which the index of ψp(O×K) in (OK/pOK)× is a power of 2 times
(p − 1)/2. Since every prime that splits in E is already split in K, d ≤ 2c. We show d > 0 to conclude
that c > 0.
Lemma 4.14. For any p 6= 2, the ramification index ep(K/Q) is at most 2.
Proof. Let p 6= 2, and complete the extension K/Q at a prime above p. Let Gˆ denote the Galois group
of the completed extension, Gˆ0 denote the inertia group, and Gˆi denote the higher ramification groups
for i ≥ 1. Then Gˆ is multiquadratic, and Gˆ0/Gˆ1 is cyclic (being isomorphic to a multiplicative subgroup
of a finite field) and multiquadratic, hence of order 1 or 2. Since the higher ramification groups satisfy
Gˆi/Gˆi+1 →֒ k for the residue field k of order a power of p 6= 2, we deduce |Gˆi/Gˆi+1| = 1 for all i ≥ 1. Since
the higher ramification groups form an exhaustive filtration of Gˆ, we further deduce that |Gˆ1| = 1. Because
|Gˆ0/Gˆ1| = 1 or 2, we conclude that |Gˆ0| = 1 or 2, and thus the ramification index ep(K/Q) = |Gˆ0| = 1 or
2.
Lemma 4.15. The genus field E of K is a multiquadratic field.
Proof. Since the genus field E is abelian over Q, we prove E is multiquadratic field by showing that every
cyclic quotient of Gal(E/Q) of prime power order is of order 2. Let Gal(E/Q) ։ Z/lnZ for some prime
l and some n ≥ 1. By Galois theory, there is a subfield R of E with Gal(R/Q) ∼= Z/lnZ. At least one
prime must be totally ramified in R/Q: to see this, suppose not. Then the inertia group of every prime is
proper in Gal(R/Q) and so is a subgroup of H , the unique subgroup of Gal(R/Q) of order ln−1. The fixed
field RH of H is then a field extension of degree l over Q that is unramified at every prime, a contradiction.
Let p be a prime that is totally ramified in R/Q. Then the ramification index ep(R/Q) equals [R : Q].
By Lemma 4.14 and the assumption that e2(K/Q) ≤ 2, we deduce that ep(K/Q) ≤ 2. Since ramification
indices are multiplicative, ep(K/Q) ≤ 2, and the extension E/K is unramified at every prime, we conclude
that ep(R/Q) ≤ ep(E/Q) ≤ 2. Hence it must be that ep(R/Q) = 2 = [R : Q].
For any odd integer k ≥ 1, let C′k denote the union of conjugacy classes in Gal(Ek/Q) given by
C′k =
⋃{
σ ∈ Gal(Ek/Q) : σ|E = (id), σ|Q(ζl) = (id) and
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σ|Kl does not generate Gl as a G−module for all l|k} .
Using Lemma 4.15, we deduce from a symmetric argument to the one provided that d =
∑
k odd
µ(k)|C′k|
[Ek : Q]
.
Lemma 4.16. If k ≥ 1 is odd, |Ck| = |C′k|.
Proof. We have the following diagram.
1

// Gal(Kk/K(ζk))

// Gal(Kk/K)

// Gal(K(ζk)/K)

// 1

1 // Gal(Ek/E(ζk)) // Gal(Ek/E) // Gal(E(ζk)/E) // 1
Since E/K is unramified, Gal(E(ζk)/E) ∼= Gal(K(ζk)/K), and for any l|k, an element of Gal(Kk/K) that
is the identity on E generates Gl as a G−module if and only if its image in Gal(Ek/E) also generates Gl
as a G−module. The result follows.
By Lemmas 4.10 and 4.11 we deduce d is completely multiplicative. Combining this with Lemma 4.16,
we have
d =
∑
k odd
µ(k)|Ck|
[Ek : Q]
=
1
[E : Q]
∑
k odd
µ(k)|Ck|
[Ek : E]
=
1
[E : Q]
∏
l 6=2 prime
(
1 +
µ(l)|Cl|
[El : E]
)
=
1
[E : Q]
∏
l 6=2 prime
(
1− |Cl|
[El : E]
)
=
rK
[E : Q]
∏
l 6=2 prime
(
1− |Cl|
(l − 1)ln−1
)
,
where rK 6= 0 is a correction factor for those primes ramifying in K/Q. We show this product is nonzero
by proving the corresponding series
log

 ∏
l prime
(
1− |Cl|
(l − 1)ln−1
) =∑
l
log
(
1− |Cl|
(l − 1)ln−1
)
is absolutely convergent. By elementary comparisons we deduce∑
l prime
log
(
1− |Cl|
(l − 1)ln−1
)
≤
∑
l prime
|Cl|
(l − 1)ln−1 .
Applying Lemma 4.12,∑
l prime
|Cl|
(l − 1)ln−1 ≤
∑
l prime
2n−1ln−2
(l − 1)ln−1 =
∑
l prime
2n−1
(l − 1)l ≤ 2
n−1
∑
r
1
(r − 1)r <∞.
We conclude d > 0, so S has a positive density in the set of all primes. Since also [K(ζl) : K] = l − 1 for
all l ∤ ∆, we have shown that the density of S equals
c =
1
2[K : Q]

∑
k|∆
µ(k)|Ck|
[Kk : K]

∏
l∤2∆
(
1− 1
(l − 1)
(
1− (l − 1)
n−1
ln−1
))
.
22
We have proven the following theorem.
Theorem 4.17. Let K be a totally real multiquadratic field with unit group O×K that satisfies e2(K/Q) ≤ 2.
The generalized Riemann hypothesis implies that there is a positive density c of primes split in K/Q for
which the image of O×K in (OK/pOK)× has index (p− 1)/2 if and only if K contains a unit of norm −1.
Moreover, when K contains a unit of norm −1, the density c is given by
c =
1
2[K : Q]

∑
k|∆
µ(k)|Ck|
[Kk : K]

∏
l∤2∆
(
1− 1
(l − 1)
(
1− (l − 1)
n−1
ln−1
))
.
5 Units in multiquadratic fields
Recall that K is a totally real multiquadratic field containing a unit of norm −1 of degree n = 2m over Q.
We call a set of n− 1 generators for the non-torsion summand of the unit group a system of fundamental
units of K. The question of which multiquadratic fields contain a unit of norm −1 has been extensively
studied in the literature. Kuroda’s class number formula for multiquadratic fields, see [7] or [17], relates
units of K with units and class numbers of subfields.
Theorem 5.1. (Kuroda’s class number formula) Let K denote a totally real multiquadratic field
with |Gal(K/Q)| = n = 2m. Let Qi, i = 1, . . . , n − 1 denote the n − 1 distinct quadratic subfields of K.
Let hi denote the class number of Qi, and let O×Qi be the unit group of Qi. Let v = m(2m−1 − 1), and let
h denote the class number of K. Then
h =
1
2v
[
O×K :
n−1∏
i=1
O×Qi
]
·
n−1∏
i=1
hi.
Proposition 5.2. If K is a number field containing a unit of norm −1, then every subfield F of K also
contains a unit of norm −1.
Proof. Let u ∈ O×K be a unit such that NKQ u = −1, and let F be a subfield of K. Then x = NKF u is an
element of F , and NFQ x = N
F
QN
K
F u = N
K
Q u = −1. Hence F contains a unit x of norm −1.
Thus we consider units in (multiquadratic) subfields. If a quadratic field K = Q(
√
d) contains a unit
of norm −1, then all prime divisors of d are either 2 or equivalent to 1 mod 4. If K is a totally real bi-
quadratic field, choose positive integers m and n such that K = Q(
√
m,
√
n). Call the fundamental units
in the three quadratic subfields Q1 = Q(
√
m), Q2 = Q(
√
n), and Q3 = Q(
√
mn) ǫ1, ǫ2 and ǫ3, respectively.
The structure of the unit group of a totally real biquadratic field has been extensively studied, and in [6]
(see also [12], [20]), Kubota completely classified the possible structures into one of seven types.
Kubota’s work proves that if each quadratic subfield of K has a unit xi ∈ Qi of norm NQiQ xi = −1,
then a system of fundamental units of K must be of one of the two forms {ǫ1, ǫ2, ǫ3} or
{
ǫ1, ǫ2,
√
ǫ1ǫ2ǫ3
}
.
The latter occurs if and only if the element z =
√
ǫ1ǫ2ǫ3 lies in K, and z will be a unit of K of norm −1,
as desired.
Proposition 5.3. Suppose S = {ǫ1, ǫ2, ǫ3} is a system of fundamental units for K, where each ǫi is the
fundamental unit of the quadratic subfield Qi. Then every unit of K has norm +1.
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Proof. Let u ∈ O×K . Then since S is a system of fundamental units for K, we know u = ±ǫa11 ǫa22 ǫa33 for
some integers ai. Hence
NKQ (u) = N
K
Q (±ǫa11 ǫa22 ǫa33 ) =
3∏
i=1
(NKQ ǫi)
ai
=
3∏
i=1
(NQiQ (N
K
Qiǫi))
ai =
3∏
i=1
(NQiQ (ǫi)
2)ai
=
3∏
i=1
((NQiQ (ǫi))
2)ai =
3∏
i=1
((±1)2)ai = 1
because ǫi ∈ Qi. Thus every element in K has norm 1.
Corollary 5.4. If K is a totally real biquadratic field containing a unit of norm −1, then a system of
fundamental units of K is
{
ǫ1, ǫ2,
√
ǫ1ǫ2ǫ3
}
, where each ǫi is the fundamental unit of the quadratic subfield
Qi.
It is known (see [5] Ch. 17, [6]) that for primes p, q ≡ 1 mod 4 with Legendre symbol
(
p
q
)
= −1, the
fields Q(
√
p), and Q(
√
pq) contain a unit of norm −1.
Proposition 5.5. If p, q ≡ 1 mod 4 are distinct primes with
(
q
p
)
= −1, then K = Q(√p,√q) contains
a unit of norm −1.
Proof. Let K be as given and let Q1 = Q(
√
p), Q2 = Q(
√
q), and Q3 = Q(
√
pq) be the three quadratic
subfields of K. Since each Qi has fundamental unit ǫi of norm −1, from Kubota’s work, we know the
unit group of K has one of the two systems of fundamental units {ǫ1, ǫ2, ǫ3} or
{
ǫ1, ǫ2,
√
ǫ1ǫ2ǫ3
}
. K has
the former structure if and only if
[
O×K :
∏3
i=1O×Qi
]
= 1 and K has no unit of norm −1; K has the latter
structure if and only if
[
O×K :
∏3
i=1O×Qi
]
= 2 and z =
√
ǫ1ǫ2ǫ3 is a unit in K of norm −1. We will show
that a system of fundamental units for K is the latter structure, so K contains a unit z of norm −1.
Let hi denote the class number of Qi. Since p, q ≡ 1 mod 4, from genus theory we know that h1 and
h2 are both odd, and that K = E = E
(+) is the genus field of Q3 so 2|h3. Kuroda’s class number formula
for biquadratic fields yields |CK | = 1/4 ·
[
O×K :
∏3
i=1O×Qi
]
h1h2h3 ∈ N, so since h1 and h3 are odd, it must
be that either 4|h3 or 2|
[
O×K :
∏3
i=1O×Qi
]
. We show 4 ∤ h3, so it must be that 2|
[
O×K :
∏3
i=1O×Qi
]
. Then
the unit group of K must have system of fundamental units given by
{
ǫ1, ǫ2,
√
ǫ1ǫ2ǫ3
}
, so K contains a
unit of norm −1.
Let H denote the Hilbert class field of Q3 and C3 = Gal(H/Q3) denote the class group of Q3. To
see that 4 ∤ h3, suppose to the contrary that 4|h3 = |Gal(H/Q3)|. Since H/Q3 is abelian, Q3 must
have an unramified field extension of degree 4, say H˜ . Since the genus field of Q3 is K = Q(
√
p,
√
q),
Gal(E/Q3) ∼= Z/2Z ∼= C3/C23 , and so there is a unique summand of C3 of 2-power order, so that the
2-part of C3 is cyclic. Thus Q3 ⊆ K ⊆ H˜ and Gal(H˜/Q3) ∼= Z/4Z. Also, we see that H˜/Q is Galois,
since H/Q is Galois and H˜ is the unique subfield of H of degree 8 over Q. H˜/Q will not be abelian, since
E is the largest extension of K that is Galois over Q, so Gal(H˜/Q) is a nonabelian group of order 8. We
next prove it is isomorphic to D8.
Lemma 5.6. G := Gal(H˜/Q) ∼= D8, the dihedral group of order 8.
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Proof. G fits into the exact sequence
1→ Gal(H˜/Q3)→ G→ Gal(Q3/Q)→ 1.
Let Ip be the inertia group at the prime p. Ip is a subgroup of G of order 2, since p ramifies in Q3/Q
and is unramified in the rest of the extension H˜/Q3. Thus Ip ∼= Gal(Q3/Q), which gives a splitting of the
above sequence. Thus G is isomorphic to the semidirect product of Z/4Z and Z/2Z. Let σ ∈ G be an
element which maps to −1 in Gal(Q3/Q), so that σ does not fix Q3. Then we can use class field theory to
compute the action of σ on the class group of Q3, which determines the action of σ on G. For any ideal
I of Q3, Iσ(I) = (N(I)), which is a principal ideal and hence trivial in the class group. Thus in the class
group, [I] = [σ(I)]−1, so σ acts by −1. Hence G is dihedral.
Now we know that G = Gal(H˜/Q) has the presentation 〈a, b|a4 = 1, b2 = 1, bab = a−1〉 since G is
dihedral. 〈a〉 is the unique cyclic subgroup of D8 of order 4, so 〈a〉 = Gal(H˜/Q3) ≤ Gal(H˜/Q). Let
p = (p,
√
pq) be a prime ideal of Q3 lying above p, and let P be a prime in K lying above p, and B a
prime of H˜ lying above P. Let σ = (p, H˜/Q3) = (B, H˜/Q3) = (p, H/Q3)|H˜ ∈ 〈a〉 = Gal(H˜/Q3) be the
Frobenius element for the prime B, or equivalently for p since the extension is abelian. σ has order 2 in
the class group C3 = Gal(H/Q3) since σ
2 = (p,
√
pq)2 = (p, pq) = (p) is principal, so σ has order 1 or
2 in Gal(H˜/Q3), meaning σ = a
2 or 1. Now, Gal(H˜/Q3) ∼= D8 has three subgroups of order 4, namely
〈a〉 = Gal(H˜/Q3), Gal(H˜/Q(√p)), and Gal(H˜/Q(√q)), and each of them contain the elements 1 and a2.
Thus σ ∈ Gal(H˜/Q3) ∩ Gal(H˜/Q(√p)) = Gal(H˜/Q3 · Q(√p)) = Gal(H˜/K) by Galois theory. Hence σ
fixes the field K. Now, σ = (B, H˜/Q3) is the Frobenius element attached to a prime B in H˜ lying above p.
This implies that the Frobenius element (P,K/Q(
√
p)) = (id) as well, since P|p. But K = (Q(√p))(√q),
and so we know that the Frobenius symbol in this field extension is given by the Legendre symbol. That
is, for P|p, (P,K/Q(√p)) = 1 if and only if
(
q
p
)
= +1. This contradicts our initial assumption that(
q
p
)
= −1. Hence it is not the case that 4|h3, and so K contains a unit of norm −1.
Example 5.7. Consider the field K = Q(
√
5,
√
13), which contains a unit of norm −1 and has genus field
E = K. Only the primes 5 and 13 ramify in K/Q, and for these primes [K(ζl) : K] = (l − 1)/2. Using
Theorem 4.17, we compute the density D of primes for which K has minimal index mod p to be
D =
1
4
· 1
2
∏
l 6=2
(
1− 1
[K(ζl) : K]
(
1− (l − 1)
3
l3
))
=
1
4
· 1
2
· 35
54
· 189
250
· 1931
2058
· · · = 0.05142184 . . . .
The accuracy of this numerical approximation can be verified following the method given in [11], which
gives error bounds on the log value of
∞∏
k=2
ζ(k)−ek
and proves that this product is an equivalent form of the product given above. Using PARI, we computed
that the density among the first two hundred thousand primes for which K has minimal index mod p is
0.05176.
Lemma 5.8. If K = Q(
√
d1, . . . ,
√
dm) has odd class number, then in fact each di = pi is a prime number
with pi ≡ 1 mod 4 for each i, except possibly d1 = 2.
Proof. Let p1, . . . , ps denote all of the prime factors of the various di, with p1 = 2 or an odd prime
congruent to 1 mod 4, and all other pk ≡ 1 mod 4. Since by assumption di ∤ dj if i 6= j, we know
s ≥ m, with equality holding if and only if each di = pi is a prime number. Now, if s > m, then the field
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F = Q(
√
p1, . . . ,
√
ps) is a proper field extension of K of degree 2
s contained in the genus field E of K.
Hence F ⊆ H , the Hilbert class field of K, and so 2| |CK |. This is impossible by assumption, so it must
be that s = m and each di = pi is a prime number, as claimed.
Theorem 5.9. If L is a totally real triquadratic field with odd class number, then every unit of L has
norm +1.
Proof. Assume to the contrary that L is a totally real triquadratic field with odd class number which
contains a unit ǫ of norm NLQ (ǫ) = −1.
Lemma 5.10. If L has an element of norm −1, then every biquadratic subfield B of L has unit group
structure given by {ǫ1, ǫ2,√ǫ1ǫ2ǫ3}, where ǫi, 1 ≤ i ≤ 3 are the fundamental units in each of the three
quadratic subfields of B.
Proof. Since L has an element of norm −1, by Proposition 5.2 every biquadratic subfield B of L also
contains a unit u of norm NBQ u = −1. Hence by Corollary 5.4 we know B must have a system of
fundamental units given by {ǫ1, ǫ2,√ǫ1ǫ2ǫ3}, where ǫ1, ǫ2, and ǫ3 are the fundamental units in each of the
three quadratic subfields of B.
The structure of the unit group of L must be further investigated, so we look more explicitly at L
to determine this structure. L = Q(
√
m,
√
n,
√
d) contains the seven quadratic subfields Q1 = Q(
√
m),
Q2 = Q(
√
n), Q3 = Q(
√
d), Q4 = Q(
√
mn), Q5 = Q(
√
md), Q6 = Q(
√
nd), Q7 = Q(
√
mnd). Let ǫr
denote the fundamental unit of the quadratic field Q(
√
r) for each of the quadratic subfields listed above.
In addition, we know that L contains the seven biquadratic subfields B1 = Q(
√
m,
√
n) ∋ α1 = √ǫmǫnǫmn,
B2 = Q(
√
m,
√
d) ∋ α2 = √ǫmǫdǫmd, B3 = Q(
√
n,
√
d) ∋ α3 = √ǫnǫdǫnd, B4 = Q(
√
m,
√
nd) ∋ α4 =√
ǫmǫndǫmnd, B5 = Q(
√
n,
√
md) ∋ α5 = √ǫnǫmdǫmnd, B6 = Q(
√
d,
√
mn) ∋ α6 = √ǫdǫmnǫmnd, and
B7 = Q(
√
mn,
√
md) ∋ α7 = √ǫmnǫmdǫnd. Since L has a unit of norm −1, by Lemma 5.10 we must have
that for each of the biquadratic fields Bi of L listed above, the element αi =
√
ǫrǫsǫt ∈ O×Bi ⊆ O×L for the
appropriate choice of numbers r, s, and t.
Since L is totally real of degree 23, we have that v = 3(22 − 1) = 9 and so Kuroda’s class number
formula yields
|CL| = 1
29
·
[
O×L :
7∏
i=1
O×Qi
]
·
7∏
i=1
hi.
By definition
∏7
i=1O×Qi is generated as a Z−module by ±1 and the ǫr, the fundamental units in quadratic
subfields Qi. Note that αi ∈ O×L and α2i ∈
∏7
i=1O×Qi . We also have the inequality[
O×L :
7∏
i=1
O×Qi
]
≥
[
O×L /(O×L )2 :
7∏
i=1
O×Qi/(
7∏
i=1
O×Qi)2
]
,
where O×L /(O×L )2 and
∏7
i=1O×Qi/(
∏7
i=1O×Qi)2 are modules over Z/2Z.
Proposition 5.11. The αi ∈ O×L /(O×L )2 generate a rank 4 module over Z/2Z.
Proof. Consider the module generated by the units αi ∈ L. We write each αi in terms of the seven
elements
√
ǫm,
√
ǫn,
√
ǫd,
√
ǫmn,
√
ǫmd,
√
ǫnd,
√
ǫmnd. Switch to additive notation (which takes products to
sums), and write βi to denote αi in additive notation. We want to determine the rank of the matrix over
Z/2Z whose entries are the values from the following table.
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√
ǫm
√
ǫn
√
ǫd
√
ǫmn
√
ǫmd
√
ǫnd
√
ǫmnd
β1 1 1 0 1 0 0 0
β2 1 0 1 0 1 0 0
β3 0 1 1 0 0 1 0
β4 0 0 1 1 0 0 1
β5 0 1 0 0 1 0 1
β6 1 0 0 0 0 1 1
β7 0 0 0 1 1 1 0
By adding rows and reducing mod 2, we see that β1 + β2 + β3 = β7, β2 + β4 + β6 = β7, and
β3+ β4+ β5 = β7. The rows corresponding to β2, β3, β4, and β7 are linearly independent rows since each
pivots in a different column, and so we see that this matrix has rank 4. Hence in multiplicative notation,
we have shown that the module generated by the αi is minimally generated by
α2 =
√
ǫmǫdǫmd, α3 =
√
ǫnǫdǫnd, α4 =
√
ǫmǫndǫmnd, and α7 =
√
ǫmnǫmdǫnd as a Z/2Z− module.
This proposition proves
[
O×L /(O×L )2 :
∏7
i=1O×Qi/(
∏7
i=1O×Qi)2
]
≥ 24,
which combined with the previous inequality proves
[
O×L :
∏7
i=1O×Qi
]
≥ 24.
We use this inequality in combination with the class number formula to obtain a contradiction to the
assumption that L contains a unit of norm −1. L contains the quadratic subfield Q4 = Q(
√
mn), which
has a unit of norm −1. Thus Q(√m,√n) is contained in the genus field of Q(√mn), and so Q(√m,√n)
is contained in the Hilbert class field of Q4. Hence the class number of Q4, h4, is divisible by 2. Similarly
Q(
√
md) and Q(
√
nd) each have class number divisible by 2, and Q7 = Q(
√
mnd) has class number
divisible by 4 since Q(
√
m,
√
n,
√
d) is a degree 4 extension of Q7 contained in the genus field of Q7. Thus∏7
i=1 hi ≥ 1 · 1 · 1 · 2 · 2 · 2 · 4 = 25. Kuroda’s class number formula now reads
|CL| = 1
29
·
[
O×L :
7∏
i=1
O×Qi
]
·
7∏
i=1
hi ≥ 1
29
· 24 · 25 = 1.
Since the class number of L is odd, 2 ∤ |CL| and so 2 ∤
[
O×L :
∏7
i=1O×Qi
]
/24. Thus it must be that 4 is
the highest power of 2 dividing
[
O×L :
∏7
i=1O×Qi
]
. However, for any β ∈ O×L , β4 =
∏7
i=1N
L
Qi
(β)/(NLQ (β))
3 ∈∏7
i=1O×Qi , and so O×L /(O×L )4, a group of order 215, surjects onto O×L /
∏7
i=1O×Qi . Thus
[
O×L :
∏7
i=1O×Qi
]
=
2c for some c ≤ 15. Then since the class number of L is odd, we see that c = 4, and so the αi generate all
of the elements of O×L not in
∏7
i=1O×Qi . Now, by Lemma 5.10, for each i we know that αi lie in O×Bi for
Bi the biquadratic subfields of L. Hence O×L =
∏7
i=1O×Bi . We now show this last assertion implies there
is no unit of L of norm −1, contradicting our assumption.
Proposition 5.12. Suppose O×L =
∏7
i=1O×Bi , where the Bi are the biquadratic subfields contained in L.
Then every element of L has norm +1.
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Proof. Let u ∈ O×L . Then u = ±
∏7
i=1 ui, ui ∈ O×Bi , and so
NLQ (u) = N
L
Q (
7∏
i=1
ui) =
7∏
i=1
NLQ (ui)
=
7∏
i=1
NBiQ (N
L
Biui) =
7∏
i=1
NBiQ (ui)
2
=
7∏
i=1
(±1)2 = 1,
since ui ∈ Bi. Hence every unit of L has norm +1.
We have now proven that a triquadratic field L has no unit of norm −1 when the class number of L
is odd.
We can use this result to obtain results on the existence of units of norm −1 for more general totally
real multiquadratic fields by induction. Let K be a totally real multiquadratic number field which is
Galois over Q of degree [K : Q] = 2m, so that Gal(K/Q) ∼= (Z/2Z)m for some m ≥ 3. Then there are
integers di > 0 so that K = Q(
√
d1, . . . ,
√
dm), and for all i 6= j, di ∤ dj . K has t := 2m− 1 quadratic sub-
fields, among them the fields Q(
√
di) as well as various quadratic fields such as Q(
√
didj). Denote these
quadratic subfields as Q1, Q2, . . . , Qt. In order for K to contain a unit ǫ with N
K
Q (ǫ) = −1, by Proposition
5.2 every subfield of F of K must also contain a unit of norm −1. In particular, each quadratic field Qi
of K must contain a unit u of norm NQiQ u = −1. Thus no di ≡ 3 mod 4. In addition, each triquadratic
subfield T of K must contain a unit u of norm NTQ u = −1. However, from the previous theorem we know
that no triquadratic field contains a unit of norm −1 when the class number of T is odd. Hence we can
deduce that when the class number of any triquadratic subfield T of K is odd, then no unit of K has
norm −1. Next we will show that this is always case when the class number of K is also odd; that is,
every multiquadratic fieldK with odd class number contains a triquadratic subfield with odd class number.
Theorem 5.13. If K = Q(
√
d1, . . . ,
√
dm) is a totally real multiquadratic field of degree n = 2
m, m ≥ 3
and the class number of K is odd, then K contains no unit of norm −1.
Proof. Let K be as given. Assume to the contrary that K contained a unit of norm −1; then no di ≡ 3
mod 4. We proceed in several steps.
Lemma 5.14. If K has odd class number, then in fact each di = pi is a prime number with pi ≡ 1 mod 4
for each i, except possibly d1 = 2.
Proof. Let p1, . . . , ps denote all of the prime factors of the various di, with p1 = 2 or an odd prime
congruent to 1 mod 4, and all other pk ≡ 1 mod 4. Since by assumption di ∤ dj if i 6= j, we know
s ≥ m, with equality holding if and only if each di = pi is a prime number. Now, if s > m, then the field
F = Q(
√
p1, . . . ,
√
ps) is a proper field extension of K of degree 2
s contained in the genus field E of K.
Hence F ⊆ H , the Hilbert class field of K, and so 2| |CK |. This is impossible by assumption, so it must
be that s = m and each di = pi is a prime number, as claimed.
Next we prove the following lemma relating class numbers of totally ramified extensions, which we will
prove in a more general setting. It is expected that this proof can be shortened.
Lemma 5.15. If F ⊆ L is a totally ramified extension of totally real Galois number fields, then the class
number of F divides the class number of L.
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Proof. Let H denote the Hilbert class field of F and CF denote the class group of F , so [H : F ] = |CF |.
First we determine L ∩ H . Let p0 denote a prime of F that is totally ramified in L. Then p0 is totally
ramified in L ∩H ⊆ L. Also, since H is the Hilbert class field of F , H is an unramified extension of F ,
and so p0 is unramified in H and so unramified in L ∩ H ⊆ H . Then we see that p0 is both unramified
and ramified in L ∩H/F , so it must be that F = L ∩H .
Let HL denote the Hilbert class field of L and CL denote the class group of L. We show HL is an
extension of L unramified at all primes, so thatHL ⊆ HL. First, HL/L is unramified at the infinite primes
since F , H , and L are all totally real. Next, since H ∩ L = F , by Galois theory we have an isomorphism
Gal(HL/L) ∼= Gal(H/H ∩ L) = Gal(H/F ). The isomorphism is given by restriction of an element
σ : HL → HL to σ|H : H → H . Then for any p prime in F and P prime in L with P|p, the Frobenius
element at the prime P, (P, HL/L) maps to the restriction (P, HL/L)|H . By properties of Frobenius
elements, (P, HL/L)|H = (p, H/F ). Since H/F is unramified, every (p, H/F ) is well defined, and so every
(P, HL/L) is well defined. This means every ramification number e(P, HL/L) equals one, or equivalently
that each prime P of L is unramified in HL/L. Thus HL/L is unramified at all finite and infinite primes,
so that HL ⊆ HL. Then |CL| = [HL : L] = [HL : HL][HL : L] = [HL : HL][H : F ] = [HL : HL]|CF |,
since Gal(HL/L) ∼= Gal(H/F ) implies [HL : L] = [H : F ]. Thus we see that the class number |CF | of F
divides the class number of L, |CL|.
We proceed with the proof of Theorem 5.13 by induction on m, where [K : Q] = 2m. We claim
that for all m ≥ 3, if the class number of K, a multiquadratic field of degree 2m is odd, then K has
no unit of norm −1. The base case, m = 3, is the triquadratic case and was proven in Theorem 5.9.
Now assume the induction hypothesis, so if L is any multiquadratic field of degree 2t with t < m and
odd class number, then L has no unit of norm −1. Consider a multiquadratic field K with odd class
number. From Lemma 5.14, K is of the form K = Q(
√
p1, . . . ,
√
pm), where each pi is a prime number.
Let Km−1 = Q(
√
p1, . . . ,
√
pm−1) ⊆ K, which is a multiquadratic field of degree 2m−1. Then K/Km−1 is
a degree 2 extension of fields that is totally ramified at primes of Km−1 lying above pm. From Lemma
5.15, we know the class number of Km−1 divides the class number of K. Since the class number of K
is odd, this implies the class number of Km−1 must also be odd. Hence by inductive hypothesis Km−1
contains no unit of norm −1, and so K contains no unit of norm −1 by Proposition 5.2.
This shows that for general multiquadratic fields K of degree 2m, m ≥ 3 with class number 1 (that is,
the Hilbert class field H = K), it is never the case that there are a positive density of primes split in K/Q
for which K has minimal index mod p. It has already been shown by A. Fro¨lich [?] that if m ≥ 5 then
K has class number > 1, which gives an alternate argument for why this will never be true for infinitely
many p split in K. We have proven this for m = 3, 4 as well.
It should be noted that there are multiquadratic fields of degree at least eight that do contain units of
norm −1; one such example is Q(√5,√13,√37), which has class number 2.
6 Application to ray class fields
For a totally real Galois extension K of Q of degree n, let H denote the Hilbert class field of K and let
CK denote the class group of K, so that CK ∼= Gal(H/K). For a prime p ∈ Z which splits completely
in K, consider the ray class field Lp of K of conductor (p) = pOK . The corresponding ray class group
RC(p) ∼= Gal(Lp/K) of Lp/K fits into the exact sequence
O×K
ψp−→ (OK/pOK)× −→ RC(p) −→ CK −→ 1.
By exactness, the size of the group RC(p) is |RC(p)| = |CK |
[
(OK/pOK)× : ψp(O×K)
]
. Let ζp denote a
primitive pth root of unity and notice ζp+ ζ
−1
p ∈ R. Since H(ζp + ζ−1p ) is an abelian extension of K which
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is ramified only at primes dividing pOK , H(ζp + ζ−1p ) ⊆ Lp.
Proposition 6.1. For a prime p completely split in K, Lp = H(ζp + ζ
−1
p ) if and only if K has minimal
index mod p.
Proof. Since p splits completely in K/Q, (OK/pOK)× ∼=
∏n
i=1 F
×
p . Thus |RC(p)| = |CK |
(p− 1)n
|ψp(O×K)|
and |Im(ψp)| = 2(p − 1)n−1 if and only if |RC(p)| = |CK | (p− 1)
n
|ψp(O×K)|
= |CK |(p − 1)/2, or equivalently
[Lp : K] =
[
H(ζp + ζ
−1
p ) : K
]
. Since H(ζp + ζ
−1
p ) ⊆ Lp, this happens if and only if H(ζp + ζ−1p ) = Lp.
We can now use Theorem 4.17 to deduce the following.
Theorem 6.2. Let K be a totally real multiquadratic field that satisfies e2(K/Q) ≤ 2, let H be the Hilbert
class field of K and let ζp be a primitive p
th root of unity. Then the generalized Riemann hypothesis
implies that there is a positive density of primes completely split in K/Q for which the ray class field Lp of
K of conductor (p) = pOK equals H(ζp + ζ−1p ) if and only if K contains a unit of norm −1. The density
c is given in this case by
c =
1
2[K : Q]

∑
k|∆
µ(k)|Ck|
[Kk : K]

∏
l∤2∆
(
1− 1
(l − 1)
(
1− (l − 1)
n−1
ln−1
))
.
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